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INTRODUCTION 

Computation of the t ransonic  flow around a i r f o i l s  and wings 
using f in i t e -d i f f e rence  and finite-volume methods r equ i r e s  
f i n e  g r i d s  and l a r g e  computational domains around the  source 
of disturbance. '  The o u t e r  boundary of the computational 
domain is usua l ly  placed a t  several  chord l eng ths  away from 
the inner  boundary. Moreover, spec ia l  t reatment  is required 
a t  the o u t e r  boundary to approximately s a t i s f y  the f a r f i e l d  
boundary condi t ions.  Using d i f f e r e n t  levels of 
approximations,  i n v i s c i d  computational schemes have been 
developed based on the Transonic Small Pe r tu rba t ion  (TSP) 
equat ion  (Murman and Cole'; Edwards, Bland and Siedel'),  F u l l  
P o t e n t i a l  (Fp) equat ion (S teger  and L0max3 Garabedian and 
Korn ; Jameson ) and Eu le r  equation (Jameson 1. These schemes 
r equ i r e  l a r g e  capac i ty  of computer memory t o  handle the l a r g e  
number of g r i d  po in t s  and the associated flow va r i ab le s .  They 
a l s o  r equ i r e  l a r g e  CPU time to obtain converged so lu t ions  due 
t o  the l a r g e  number of i t e r a t i o n  cyc les  - usua l ly  i t  is  of 
o rde r  a thousand. 
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The p o t e n t i a l  equat ions can be used f o r  flows with weak 
schocks s ince  the entropy increase and v o r t i c i t y  production 
a c r o s s  these  shocks are small. For s t rong  shocks, the 
i r r o t a t i o n a l  and i s en t rop ic  flow assumptions are inva l id  and 
one cannot use the p o t e n t i a l  flow equat ions ac ross  or behind 
the shocks. For these flows, one has to c o r r e c t  the p o t e n t i a l  
equat ions i n  order  to include t h e  entropy jump across  the 
shock wave. Methods of t h i s  type have been developed by Hafez 
and Lovell', Fuglsang and Williams8 and Whitlow, Hafez and 
Osher- . Al te rna t ive ly ,  one has to u s e  ' t h e  computationally 9 



more expensive Eu le r  equations.  

The I n t e g r a l  Equation Formulation (IEF) us ing  the  TSP 
( P i e r s  and Sloofl'; Tseng and Morinoll) or the FP (Kandil  and 
Ya tesl* Oskam13 ; Erickson and S trande14 ; S i n c l a i r l '  ; Kandil 
and Hu ) equat ions r ep resen t s  an alternative to  the f i n i t e  
d i f f e r e n c e  and f i n i t e  volume methods to  treat transonic flows 
wi th  weak shocks. With the IEF, the f a r f i e l d  boundary condi- 
t i o n s  are automat ica l ly  s a t i s f i e d  and only a small computa- 
t i o n a l  domain is needed around the source of dis turbance .  
Moreover, the accuracy of the method depends on the eva lua t ion  
of i n t e g r a l s  r a t h e r  than de r iva t ives  and heace coarse g r i d s  
can be used wi th in  the small computational domain. Because of 
these  obvious advantages of the methods which are based on the 
IEF, it  is highly d e s i r a b l e  to f u l l y  develop these methods and 
extend them to treat t ransonic  flows over a wide range of Mach 
numbers. 
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I n  t h i s  paper ,  w e  p re sen t  a t ransonic  i n t e g r a l  equat ion 
method which i s  based on the f u l l  p o t e n t i a l  equat ion ,  and 
couple  the method w i t h  embedded E u l e r  domains to  treat s t rong  
shocks. The method i s  ex tens ive ly  appl ied  to d i f f e r e n t  
a i r f o i l  s e c t i o n s  and Mach numbers. The results are compared 
with experimental  d a t a  and o t h e r  r e s u l t s  which were obtained 
by using f i n i  te-dif f erence and f in1 te-volume methods w i  th  TSP, 
FP and E u l e r  equations.  

FORMULATION 

F u l l  Po ten  t i a l  Equation 
For t r anson ic  flows wi th  weak shocks, the dimensionless 
governing equat ions of the  two-dimensional, B teadg, p o t e n t i a l  
flow a r e  given by 

-1 
G = -  (px ax + p 

P Y Y  

uhere @ is the t o t a l  v e l o c i t y  po ten t i a l ,  p the dens i ty ,  Mm 
t he  f rees t ream Mach number, y the r a t i o  of s p e c i f i c  heats and 
the  s u b s c r i p t s  x and y r e f e r  to the de r iva t ives .  I t  should be 
noted t h a t  G represents  the t o t a l  compress ib i l i ty  i n  the flow; 
The c h a r a c t e r i s  t i c  parameters are the f r ees  tream v e l o c i t y  
(Um) and dens i ty  (pa) and the a i r f o i l  chord length  (1). 
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The boundary condi t ions  on the a i r f o i l  g, away from g and a t  
the t r a i l i n g  edge TE are given by 

0 

V 4  + e, away from g ( 5 )  

h C  * o  
PlTE 

0 n 

where Ls a u n i t  vector parallel t o  E, and 
AC is the  pressure jump. The pressure c o e f f i c e n t  is given by 

P 
n - Vg/ lVgl , e, 

The formal so lu t ion  of Eq. (1) in  terms of the v e l o c i t y  f i e l d  
CQ with e x p l i c i t  con t r ibu t ion  of the shock sur face  S is 
obta ined  as 

are the a i r f o i l  sur face  d i s t r i b u t i d n s  of where q and 
sources  and vor i c i t y ;  respect ively,  and qs i s  the source 
s t r e n g t h  of the  shock sur face .  In the shock-capturing scheme, 
t he  l a s t  i n t e g r a l  term i n  Eq. ( 8 )  is dropped, s ince  t h i s  term 
is included i n  the th i rd  i n t e g r a l  term of the  equation. In 
t he  shock cap turing-shock f i t t i n g  scheme, the l a s t  i n t e g r a l  
term corresponding to  the shock surface is re ta ined  when shock 
f i t t i n g  is used. For shock f i t t i n g ,  the following equat ions 
are used to  determine the shock s t rength qs, p rope r t i e s  behind 

ye g 
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t he  shock 
forming the shock sur face  @: 

p2,  V2n, V 2 t  and the o r i e n t a t i o n  of the segments 

1 L Y  In 
qs - - (Vln - V2J = - - (1 - 7) 

'In 
, Mln > 1 ( 3 )  Y + l  

= v  V 2 t  I t  

1 /2 
@ = s i n  (13) 

where the subsc r ip t s  1 and 2 r e f e r  to  the condi t ions  ahead and 
behind the shock, respec t ive ly ,  whi le  n and t r e f e r  t o  the 
normal and t angen t i a l  d i r e c t i o n s  to the shock su r face  S ,  
r e s p e c t i v e l y ,  and 8 is the r e l a t i v e  d i r e c t i o n  of the flow 
behind the shock to t h a t  ahead of  the shock. 

E u l e r  Equations 
For  s t rong  shocks, an embedded computational domain i s  
cons t ruc t ed  around the shock which has been p r e l i m i n a r y  found 
by the  I n t e g r a l  so lu t ion  with shock captur ing  only. With the 
boundary and i n i t i a l  condi t ions  found from the I n t e g r a l  
s o l u t i o n ,  the unsteady conservative form of the  E u l e r  
equat ions  a r e  solved i n  t h i s  l imited domain with psuedo time 
marching. The dimensionless conservative form of these 
equat ions  is given by 

% + a E + a F , )  
a t  ax ay 

- - 
where the flow vector  f i e l d  q and the flux components E and 
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- 
F are given by 

The t o t a l  energy and enthalpy p e r  u n i t  mass are given by 

e -,e-+ (u2 + v2)/2, h = e + p /p  
Y+l  )P 

Since  w e  are i n t e r e s t e d  i n  the steady flow s o l u t i o n  only,  the 
energy equat ion [ l a s t  elements i n  Eqs. (16)-(18)],  which is a 
d i f f e r e n t i a l  equation, is replaced by the a l g e b r a i c  s teady 
form which states t h a t  the t o t a l  enthalpy is constant .  Hence, 
t h e  energy equat ion is replaced by 

METHOD OF SOLUTION 

Shock-Capturing Shock-Fitting (SCSF) Scheme 
The b a s i c  d i f f e rence  be tween t h e  incompress lble I n t e g r a l  
Equation Solu t ion  and the t ransonic  I n t e g r a l  Equa tlon Solu t ion  
are the  a d d i t i o n a l  t h i rd  and fourth i n t e g r a l  terms of Eq. (8) .  
In the shock captur ing part  of the scheme, the f o u r t h  i n t e g r a l  
term is dropped while in the shock f i t t i n g  p a r t  of the scheme 
t h i s  term is taken i n t o  account. 

The SCSF-scheme i s  an  i t e r a t i v e  scheme due to  the 
n o n l i n e a r i t y  of the th i rd  and fourth i n t e g r a l  terms. The 
i t e r a t i v e  scheme is described below: 

Neglecting the four th  in t eg ra l  term and s e t t i n g  G = 0, a 
s tandard  panel computation is used t o  obta in  qg and/or  y . 

are piecewise l i n e a r  d i s t r i b u t i o n s  on each The q and 
s u r f a c e  panel and they are define$ i n  terms of t h e i r  nodal 
va lues .  I n i t i a l  values of G a r e  ca lcu la ted  a t  the cen t ro ids  
of the f i e l d  elements by using the l i n e a r  compress ib i l i ty  

where ux 1s the x-derivative of the x- r e l a t i o n  G = M- ux,  
conponent of the veloci ty .  The cent ro ida l  value C represents  

g 
yg g 

2 
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the  G va lue  f o r  the f i e l d  element. Equation (8) is then used 
to  enforce the sur face  boundary condi t ions,  Eqs. ( 5 )  and ( 7 )  

The dens i ty  p and non l inea r  t o  f i n d  new qg and/or  
compress ib i l i t y  G are ca l cu la t ed  by using Eqs. (3) and (2 ) .  A 
type f in i t e -d i f f e rence  expression i s  used to  c a l c u l a t e  p and 

depending on the type of the cen t ro ida l  point-subsonic o r  
supersonic.  Once the G va lues  are obtained,  the  s u r f a c e  
boundary condi t ions  are sa tisf ied again.  The i t e r a t i v e  
procedure is continued u n t i l  the shock l o c a t i o n  is  f ixed.  
This is the shock captur ing  p a r t  of the scheme. 

yg 

X 

pY 

Shock panels  are then introduced a t  the shock l o c a t i o n ,  
the fou r th  i t e g r a l  term of Eq. (8)  is now taken i n t o  account ,  
Eqs. (9 )  and (13) a r e  used to  c a l c u l a t e  qs and p and Eqs. 
(10)-(12) are used to c ros s  the shcok panel. The i t e r a t i v e  
procedure is continued as before  wi th  the except ion of dea l ing  
with the shock panels a s  explained. Convergence is achieved 
once the  su r face  pressure converges. This  is the shock 
f i t t i n g  p a r t  of the scheme. 

I n t e g r a l  Equation With Embedded Euler (IEEE) Scheme 
I n  t h i s  scheme, the shock captur ing p a r t  of the SCSF-scheme is  
used to l o c a t e  the shock. Once the shock is captured,  a f i n e  
g r i d  is constructed wi th in  a small computational .region around 
the  shock where a finite-volume E u l e r  scheme is used. The 
b a s i c  f i n i  te-volume equat ion is obtained by i n t e g r a t i n g  Eq. 
( 1 5 )  over x and y to obta in  

//sdA+$ ( E d y + F d x )  - 0  

Equation (21) is  then appl ied  to each cel l  of the embedded 
g r i d  of the Euler  domain. The r e su l t i ng  d i f f e r e n c e  equat ion  
i s  

4 (2) A A  + C ( E A y r + F A x r ) = O  (22) 
i j  i j  rl 

where AA is the c e l l  a r ea ,  r r e fe r s  to the ce l l - s ide  +number 
and the in t ege r  subsc r ip t s  i, j r e f e r  to  the  c e n t r o i d a l  
va lues .  The E u l e r  so lve r  is a cent ra l -d i f  f erence f i n i t e -  
volume method which uses f o u r s  tage Runge-Ku t ta  t i m e  s tepping  
w i t h  e x p l i c i t  second- and fourth-order d i s s i p a t i o n  terms. The 
de ta i l s  of t h i s  so lve r  are given i n  re fe rence  (171. _- 

The boundary and i n i t i a l  conditions f o r  the Eu le r  domain 
a r e  obtained from the I n t e g r a l  equation s o l u t i o n  which i s  
i n t e r p o l a t e d  on the Euler domain g r i d .  The Euler so lve r  i s  
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then uszd to capture  the shock and c a l c u l a t e  the flow vec to r  
f i e l d  q. It  should be emphasized here  t h a t  the downstream 
boundary condi t ion mus t be- updated while Euler  c a l c u l a t i o n s  
are excuted. Fixing the q values of the Euler  domain, the 
IE c a l c u l a t i o n  is used t o  update the boundary condi t ions  f o r  
the E u l e r  domain. The iterative procedure is repeated u n t i l  
convergence is achieved. 

COMPUTATIONAL EXAMPLES 

I n  t h i s  sec t ion ,  w e  p r e s e n t  app l i ca t ions  of the  SCSF- and 
IEEE-schemes to the NACA 0012 and 64A010A. According to  the 
convergence s tudy us ing  d i f f e r e n t  s i z e s  of the  IE 
computational domain, which was p r e s e n t d  by the au thor s  
(Kandil  and Hu 1, a computational domain of 2 x 1.5, i n  the x 
and y d i r e c t i o n s ,  has been used around the a i r f o i l  i n  a l l  the 
fo l lowing  app l i ca t ions .  A rectangular  g r i d  of 64 x 60 has 
been used f o r  the IE computation. Th.t g r i d  is c l u s t e r e d  i n  
t h e  l ead ing  edge, the shock region and nea r  the  a i r f o i l  
sur face .  Since the t h i r d  i n t e g r a l  term of Eq. (8) is  
conpu ta t i o n a l l y  expensive,  i t s  computation w i  t h  cons t a n t  G 
d i s t r i b u t i o n  has been restricted t o  the n e a r f i e l d  computation. 
For  the f a r f i e l d  computation, this term is replaced by the 
equ iva len t  lumped source term a t  its cent ro id .  With 
s u f f i c i e n t  accuracy, i t  has  been computationally determined 
t h a t  the n e a r f i e l d  d i s t ance  from.the cen t ro id  is < 0.5. 

16 

Figure 1 shows the r e s u l t s  of the SCSF-scheme f o r  NACA 
0012, along wi th  comparisons wi th  the 
computational r e s u l  ts of Garabedian, Korn and Jameson18, and 
the  experimental da t a  taken from re ference  19. The SCSF 
scheme took 12 i t e r a t i o n  cyc les  of shock captur ing  (SC) and 13 
cyc le s  of shock f i t t i n g  (SF) to achieve convergence. 

Ma = 0.8 and a = Oo , 

Figure  2 shows the r e s u l t s  of the IEEE-scheme f o r  the 
same case along with a comparison with the computational 
r e s u l t s  of Jameson6 who a l s o  used the finite-volume Euler  
scheme with f o u r s t a g e  Runge K u t t a  t i m e  stepping. I n  the 
p r e s e n t  IEEE-scheme, the embedded Euler  domain has a s i z e  of 
0.5 x (3.6 around the shock region with a g r i d  of 25 x 30. 
T h i s  case took 10 i t e r a t i o n  cycles of SC, 250 time cycles  of 
Euler  i t e r a t i o n s  to achieve a res idua l  e r r o r  of and 5 IE 
c y c l e s  to update the E u l e r  domain boundary condi t ions.  

Figures  3 and 4 show the r e su l t s  of t h e  SCSF- and IEEE- 
schemes f o r  NACA 64A010A, M Lp - 0.796, a = 0' along wi th  
comparisons with the computational results of Edwards, Bland 
and Seide12 who used the TSP equation, and the experimental  
data taken from reference  2.' With the SCSF-scheme, t h e  
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numbers of SC and SF i t e r a t i o n  cycles  to  achieve convergence 
are the same as those of the case presented i n  Fig. 1. With 
the  IEEE-scheme, the embedded E u l e r  domain has a s i z e  of 0.7 x 
0.6 with a g r id  s i z e  of 35 x 30. This  case, Fig. 4, took 10 
i t e r a t i o n  cyc les  of SC, 130 time cycles of E u l e r  i t e r a t i o n s  to 
achieve  a r e s idua l  e r r o r  of loo3 and 3 IE cycles  to  update the 
E u l e r  domain boundary condi t ions.  

F igures  5 and 6 show the results of the SCSF- and IEEE- 
schemes f o r  the l i f t i n g  case of NACA 0012, M, = 0.75 and 
a = 2' along with the computational resul ts  of S teger  and 

tomax , and the  experimental  data taken from the  same 
reference. The s ize  of the g r i d s  and the number of i t e r a t i o n  
c y c l e s  used t o  achieve convergence are the same as those of 
the cases given i n  Fig. 1 and 2. 

3 

Figure  7 shows the r e s u l t s  of the IEEE f o r  NACA 0012, 
= 0.812 and a = 0' along with the experimental  data of 

r e fe rence  18. In Fig. 8, the r e s u l t s  of the IEEE f o r  NACA 
0012, M, = 0.82 and a = 0' are show? along with the three- 
dimensional s o l u t i o n  a t  the wing r o o t  chord of Tseng and 
Morino'l, who use  the I E  f o r  the TSP, and the experimental  
r e s u l t s  of re ference  20. The size of the embedded E u l e r  
domain f o r  these cases is 0.8 x 0.8 and the computational g r i d  , 

is 40 x 40. 

CONCLUDING REMARKS 

Two t r anson ic  computational schemes which are based on the 
I n t e g r a l  Equation Formula t i on  of the full p o t e n t i a l  equat ion 
have been presented. The f i r s t  scheme is a Shock Capturing- 
Shock F i t t i n g  (SCSF) scheme which uses the f u l l  p o t e n t i a l  
equa t ion  throughout with the exception of the shock wave where 
the  Rankine-Hugoniot r e l a t i o n s  a r e  used to cross  and f i t  the  
shock. The second scheme is  - a n  I n t e g r a l  Equation wi th  
Embedded Euler  (IEEE) scheme which uses the f u l l  p o t e n t i a l  
equa t ion  wi th  an embedded region where E u l e r  equat ions are 
used. The two schemes are appl ied to several t ransonic  
a i r f o i l  flows and the r e s u l t s  have been compared with numerous 
computational r e s u l t s  and experimental data  . The two schemes 
are never the less  e f f i c i e n t  as compared to  the o t h e r  e x i s t i n g  
schemes which use  f i n i  te-dif ference or f i n i  te-volume methods 
throughout l a r g e  compu-ta t i o n a l  domains with f i n e  g r ids .  The 
SCSF-scheme is r e s t r i c t e d  t o  flows w i t h  weak shocks, while the  
IEEE-scheme can handle s t rong  shocks. Current ly ,  the IEEE 
scheme is appl ied to  o the r  transonic flows with s t rong  shocks 
as v e l 1  as t o  unsteady p i t ch ing  osc i l l a t ions .  
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